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SUMMARIES 
It is well known that Liouville did pioneering 
work on the application of specific integral equations 
in different parts of mathematics and mathematical 
physics. However, his short paper on spectral theory 
of Hilbert-Schmidt like operators has been neglected. 
With that paper Liouville initiated the general theory 
of integral equations. 
I1 est bien connu que Joseph Liouville etait parmi 
les premiers 2 appliquer des equations intdqrales a la 
solution de plusieurs problemes de mathematique et de 
mechanique. D'autre part, sa note sur la theorie 
spectrale des op&-ateurs du type Hilbert-Schmidt est 
rest&e inconnue. Dans cette note, Liouville 5 entame 
la theorie g&&-ale des equations inteqrales. 
XOPOLLIO kl3BeCTH0, Y T O  flklYBE?JlJlb OAHMM I13 FlepBblX 
UCIIOJIb30BaJI HHTel?paJlbHble YPaBHeHkiR AJIR pelUeHMR 
pa3HOO6pa3HblX 3aAazI B 06nacTH MaTeMaTWKH II MeXa- 
HkiKM. qT0 Te KaCaeTCR er0 CTaTbU 0 CneKTpaJlbHO~ 
TeOpMM AJIFi OIlepaTOpOB TMna IhJIbbepTa UMHATa, TO  
OHa A0 CMX IlOp OCTaBaJlaCb HeM3BeCTHOn. A MemAy 
TeM 3Ta CTaTbR nI.iyBMJlJlR IlOJIOmMJla HaYaJlO o6ueFi 
TeOpMM MHTerpaJlbHblX YpaBHeHPiR. 
1. INTRODUCTION 
In [1823] N. H. Abel published his solution of the isochrone 
problem. His approach led to the first explicit and conscious 
solution of an integral equation. In a series of papers pub- 
lished between 1833 and 1855 the isochrone problem and many other 
physical and mathematical problems were solved with the aid of 
integral equations by Joseph Liouville (1809-1882). During the 
second half of the 19th century potential theory gave rise to 
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additional sporadic investigations of integral equations by, 
for example, C. Neumann and H. Poincare'. Inspired by these 
applications and his own investigations of variational calculus, 
V. Volterra 11896, 19131 initiated the development of a general 
theory of integral equations, to be continued at the beginning 
of the 20th century by I. Fredholm, D. Hilbert, E. Schmidt, and 
others. A more comprehensive treatment of this development can 
be found in [B&her 1909, Batemann 1910, Volterra 1913, Bernkopf 
1966, Kline 1972, Dieudonne' 1978, 19811. 
These secondary sources generally present a detailed account 
of the evolution of the general theory of integral equations 
after 1890, preceded by a brief discussion of Abel's initial 
solution of the isochrone problem. The intervening period has 
been studied in less detail. In this paper I partly fill this 
gap by presenting Liouville's ideas on integral equations in 
their proper context. Sections 2 and 3 deal with the particular 
integral equations to be found in Liouville's papers on frac- 
tional differentiation and Sturm-Liouville theory. These in- 
vestigations have been mentioned briefly in other secondary 
sources, but often their information on the types of equations 
and the use of successive approximation is misleadinq or erro- 
neous. Liouville's remarkable treatment of general integral 
operators with symmetric kernels, on the other hand, has been 
neglected until now. It is discussed in Section 4, followed by 
a brief investigation of Liouville's connection to earlier and 
later researchers in the field (Section 5) - 
2. INTEGRAL EQUATIONS AND THE FRACTIONAL CALCULUS 
As a young recently graduated engineer, Liouville tried to 
establish himself as an original researcher in the field of 
fractional calculus. Earlier there had been sporadic contribu- 
tions to this branch of mathematics. Liouville was the first 
to attempt a comprehensive treatment, writing eight papers on 
the subject in the period from 1832 to 1836 and a short note 
in 1855. 
The idea of fractional calculus, or the theory "des dif- 
ferentielles & indices quelconques" as Liouville more accurately 
called it, is to extend the definition of a derivative duf/dxp 
to arbitrary real values of 1-1. The basis of Liouville's defini- 
tion is the formula 
.& eax = .I-l,ax 
dXU 
(1) 
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[Liouville 1832b, 721. Since the right-hand side makes sense for 
any real number, it can be used as a definition of the left-hand 
side. Liouville believed that any function f  could be expanded 
in an exponential series f(x) = CmAmemx (for a 0proof" see 
[Liouville 1832b, Sects. Z-111). Inspired by (1) he defined 
the pth derivative of f to be 
cAmem" = ~m"AmemX . 
m m 
(2) 
Instead of expansions in exponential series Liouville some- 
times used expansions in Laplace integrals, f(x) = Jg(y)e-xydy 
(see [Deakin 1981, 369-3711). Integral equations enter the 
picture through the important formula 
/ 
IJ 
d-’ 
Co 
F(x)dx' = - F(x) = F(x - a)cx '-'da 
dx-' 
(3) 
and other similar formulas, which Liouville proved in [1832a, 
formulas A-G] and in [1834] [l]. 
Already in his first paper on the fractional calculus [1832a] 
Liouville showed how formulas like (3) can be applied to solve 
integral equations arising in the analytic treatment of many 
geometric and mechanical problems. All the examples were treated 
according to the same scheme: the geometric or mechanical prob- 
lem gives rise to an integral equation; the integral is trans- 
formed into a fractional derivative and the resulting fractional 
differential equation is solved. For example, Liouville [1832a, 
17-201 derived the law of attraction between an element mm' of 
a conductor and a magnetic pole P when the attraction f(y) be- 
tween P and an infinite conductor MM' is known for any value 
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of the distance between the pole P and the conductor. He took 
for granted that the attraction between P and mm' is of the forn 
6(r) sin 8 ds, (4) 
where ds is the length of nun', and 9 is the angle made by MM' 
and the line connecting P and the midpoint of the small element 
mm' * The problem is to find $. Integration of (4) along the 
entire wire MM' gives the total force f(Y): 
dy = 2 dy (5) 
or 
f(Y) -= 
2Y s 
“u@TFi ds 
0 JsL + Y' 
(6) 
This is the integral equation that Liouville had to solve for 4. 
A simple substitution of variables in (3) gives 
/ 
m  
F(x2 + a2),2p-1& = -);'(') 'F(x2)d(.&p. 
cl / 
(7) 
Application of (7) with F(r2) = t$ (r)/ r and p = l/2 to (6) gives 
the fractional differential equation 
fi rc1/2j 
J 
w l/2 =f(y) 
2 
F(y2)d (y2) 
2Y * 
By substituting y2 = z Liouville obtained 
(9) 
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since r(1/2) = J;;. Then he applied the operator d 1/*/dx1/2 to 
both sides of (9), obtaining 
J-1 dqf(6/&j F(z) = - - 
v5 dz1P 
Changing z into r2 and reintroducing 4(r) = rF(r) he was thus 
led to the solution 
4(r )  = -  7 r  dl’* ( f ( ; : , ‘ r )  .  
71 d( r* )  
If, for example, f(r) = k/r the solution becomes 9 (r) = k/2r2 
because dl/*(xml)/dxl'* = fi G(~x)-~/*. 
With this technique Liouville solved half a dozen problems, 
among them the isochrone problem, which had been solved in pre- 
cisely this way by Abel [1823]. 
It is interesting to note that a simple substitution of 
variables (x = (s2 + y2) 
l/2 
) will transform the integral equa- 
tion (6) into the form 
/ 
LD 
F(y) = K(x,y)$(x)dx. (11) 
a 
In the notation of Hilbert [1904], such equations are termed of 
the first kind. All the integral equations treated by Liouville 
in his papers on fractional calculus were likewise of the first 
kind or could easily be transformed into such equations. How- 
ever, since Liouville usually presented integral equations in a 
form similar to (6), he does not seem to have appreciated this 
unifying structure (11) of his equations. 
3. INTEGRAL EQUATIONS IN STURM-LIOUVILLE THEORY 
Other types of integral equations were used in Liouville's 
fundamental research on Stunn-Liouvilfe theory (see [Liitzen 
19821). One type appears in his solution of a differential 
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equation by successive approximation and another in his investi- 
gation of the expansion of functions in "Fourier' series [2]. 
First I shall examine the last and more-general of the two proofs 
given by Liouville [1837a, b] of the convergence of the "Fourier" 
series. 
Liouville considered the reduced Sturm-Liouville problem 
c+lJ(z) + P2 U(Z) = x (z)U(z) , z c [O,ccl, 
dz2 
with the boundary conditions 
U(z) = 1, dU(z) - h dz for z 
du(z) - + HU(z) = 0 dz for z 
0, 
a. 
To a sufficiently regular function f(z), he associated the 
"Fourier" series 
a, 
c 
n=l 
J 
a 
'n 0 
uJz)fWz 
/ 
, a 
U2(z)dz 
0 n 
(1.2) 
(13) 
(14) 
(15) 
where U, are the eigenfunctions of the Sturm-Liouville problem 
(12)-(14) corresponding to the eigenvalues p1 < p2 < p3 < **. 
< Pn < . . . . Liouville's aim was to obtain estimates of the 
numerators and denominators of the terms of the "Fourier" series 
(15) from which he could conclude its convergence. To achieve 
this goal he deduced an integral equation for the solution U of 
(12) and (13), disregarding the boundary condition (14) for 
z = cx [Liouville 1837~1, 241. He multiplied (12) by sin pz, 
integrated the resulting equation, and obtained 
/ 
Z 
dU 
sin pz dz - - pU cos pz = A + A(z')U(z')sin pz’ dz'. (16) 
0 
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The arbitrary constant A can be determined from the boundary 
values (13) for z = 0. Liouville found A = -p. He then re- 
peated the above procedure with cos pz instead of sin pz, ar- 
riving at 
/ 
Z 
au 
cos pz - + pU sin pz = h + dz X(z')U(z')cos pz' dz'. 
c 
From (16) and (17) he deduced [3] the integral equation 
/ 
Z 
U(Z) = cos pz + 
h sin pz 
P 
+ l/P A(z')U(z')sin p(z 
0 
(17) 
z')dz'. 
(18) 
A careful investigation of this integral equation shows the 
existence of a bounded function $(p, z) such that 
Up(z) = cos PZ f $(p, z)/p. (19) 
Applying this value for Up(z) to the last boundary condition 
(14) and keeping in mind that the nth eigenfunction has n - 1 
roots in IO, a[ (Sturm's oscillation theorem) he obtained the 
asymptotic values of the eigenvalues 
P, = 
(n - 1)~ 
c1 
+J!LL?L, 
n (20) 
where 6' is bounded [Liouville 1837a, 29; 183733, 422-4261. 
(IO, c1[ is the open interval from 0 to a.) 
By further application of (18) he proved that the nth term 
of the "Fourier" expansion (15) is of the form 
s CI 2/a cos nz f(z')cos n(z')dz' + $ (z, n)/pi, 2 0 (21) 
where $2 is a third bounded function. 
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Liouville observed that the first term of (21) is the gen- 
eral term in the ordinary trigonometric Fourier series. There- 
fore the sum is convergent according to Dirichlet [1829]. Since 
pn increases as fast as n for n -f m (see (20)), C l/p: is also 
convergent. Hence the series (15) converges. 
Liouville [1837a,b] extended this result to the general 
Sturm-Liouville problem 
(k(x)V’(x))’ + (g(x)r - l(x))V(x) = 0 for x c [a, P] (22) 
with the boundary conditions 
k(x) V’ (x) - hV(x) = 0 for x=u, (23) 
k(x) V’ (x) + W(x) = 0 for x=8, (24) 
where k, g, and 1 are positive functions in [ct, 61; h, H are 
nonnegative constants. 
In his investigations of the general problem Liouville 
applied his method of successive approximation [Liouville 1836b, 
225; 1837a, 19-221. Defining successively 
p,(x) =++~b)~xj&), 
. . . . 
(25) 
(1 lx”) - g(x”)r)pn(x”)dx”, 
he gave two different proofs that 
c P,(X) 
n=O 
converges to a solution u of (22) and (23). In the second 
proof [Liouville 1837a, 211 he remarked that (22) and (23) are 
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satisfied ii 
V(x) = PO(X) + 
/ 
* dx’ - 
cI k(x’) 
This is another integral equation for U. 
/ 
X’ 
(1 (x”) - g(x”)r)U(X”)dX”. (26) 
a 
Substituting this expression for U into the integrand, 
Liouville obtained 
u(X) = P,(X) f  P,(X) +lx&lx’ dX”(1(X”) - g(x”)r). 
x lx’:& 4”” dx(4) (1(X(4)) - g(X(4))r)u(x(4)). 
(27) 
He continued this procedure and found that 
u(x) = P,(x) + P,(x) + l * *  + P,(x) + R,(x),  
where Rn(x) is a 2n-fold integral which he proved converges to 
zero as n tends to infinity. 
Thus, in Liouville's treatment of Sturm-Liouville problems 
we find entirely new types of integral equations. Equation (18) 
is of the form 
J 
X 
@(xl = F(x) + K(x, y)$(y)dy, 
a 
called of the second kind in Hilbert's notation, and (26) is a 
second-order equation [4]. As pointed out by Dieudonng [1981, 
251, in the special case k(x) = 1, (26) can also be transformed 
into a first-order integral equation of the second kind by inter 
changing the order of integration, 
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X 
V(x) = p,(x) + 
s 
dx’ (1(x’) - q(x’)r)U(x’) 
s 
x dx” 
rpq-(x”) (28) 
a X’ 
but nothing indicates that Liouville was aware of that. 
In the Sturm-Liouville theory the connection between differ- 
ential and integral equations is as important as in Liouville's 
fractional calculus [5]. Yet the relationship between the two 
kinds of equations is different in the two cases. In the frac- 
tional calculus the integral equations occupy a central position 
as the analytical expression of the geometric or mechanical prob- 
lem in question. In the Sturm-Liouville theory, on the other 
hand, the differential equation is the principal object, whereas 
the integral equation plays only an auxiliary role. This fact 
is of importance for the evaluation of Liouville's use of the 
method of successive approximation. He deserves credit for 
being the first to publish an application of this method to an 
ordinary differential equation (22). Often he is also celebrated 
as the first to apply the method to integral equations. This 
is technically correct since the successive solution to (22) is 
also a solution to the equivalent integral equation (26). How- 
ever, it is impossible to conclude with any certainty that 
Liouville was aware that he had found a method for solving inte- 
gral equations. 
More specifically B&her [1909, 141 and Kline [1972, 10541 
have claimed that Liouville solved Eq. (18) by successive ap- 
proximation. However, this claim is not supported by Liouville's 
papers. Neither is Hahn's [1911, 773 claim that Liouville used 
the Neumann series. 
4. GENERAL INTEGRAL EQUATIONS OF THE FIRST KIND WITH 
SYMMETRIC KERNEL. A NEGLECTED CONTRIBUTION 
In the papers described above Liouville discussed only par- 
ticular integral equations, or equations designed for a special 
purpose. It is generally believed that the general theory of 
integral equations began at the end of the 19th century with 
Volterra's penetrating works. However, Liouville had already 
taken the first steps in this direction in 1845 in a most re- 
markable one and a half page note: "Sur une propri&t& g&&ale 
d'une classe de fonctions" [Liouville 1845331. In this note 
he considered the integral equation 
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where m is a constant, D is a given submanifold of RR, 1 is a 
given function on D, and T(B, j7') is a symmetric function on 
D X D [6]. It follows from the context that he assumed T, and 
probably also 1, to be real valued. For this general eigen- 
value equation Liouville gave two theorems and several remarks. 
The first theorem concerns the orthogonality of the eigenfunctions 
51, 52 corresponding to two different eigenvalues ml, m2: 
J 1 (ii, cl (ii, c2 6) di = 0 for ml # m2 l D 
Liouville's proof is as follows: 
=m 
s 2 D 
1 Cx, cl (ii, c2 (i)dx. 
(30) 
(31) 
(32) 
(33) 
Here the integral equation has been used at (31) and (33) and 
the symmetry of T at (32). From (31)-(33) it follows that 
(ml - m2) J i(~)~1(~)~2(~)d~ = 0, 
D 
which is equivalent to (30). 
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The second theorem states that if 1 is always positive or 
always negative all the eigenvalues m are real. Liouville gave 
no proof, but it is easy to reconstruct: 
If T is real (the theorem is true only in this case) and m 
is an eigenvalue with the eignenfunction 5, it follows that ii~ 
is an eiqenvalue corresponding to the eiqenfunction r. If m is 
not real then m and iii are different, so that < and ? are ortho- 
gonal, i.e., 
which is impossible since the integrand has the same sign in 
all of D and is not everywhere zero. Therefore m is real. 
This proof is precisely the same as that given by Poisson 
[1826] and repeated by Sturm [1836, 3891 for the case of a 
Sturm-Liouville problem. Liouville continued to indicate an 
application of the orthogonality relation (30). 
One sees immediately the consequences to be drawn 
from the above property for the development of func- 
tions in series of the form C A<, when such a develop- 
ment is possible. [Liouville 1845b] 
In this remark Liouville obviously alluded to the formula 
for the "Fourier" coefficients. 
He also suggested further generalizations: 
Moreover, one easily understands that instead of 
the left hand side of (29), one can substitute more 
complicated integrations, or even other types of 
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operations without our theorem (suitably modified, if 
necessary, in the sense of the new operators) and even 
its proof being invalidated; for the theorem and its 
proof rest essentially on a certain symmetry which 
it is sufficient to retain. Let us add that there are 
analogous results for classes of simultaneous equations. 
[Liouville 1845b] 
These vague hints indicate that Liouville had a deeper under- 
standing of symmetric operators than his two theorems would in- 
dicate. However, he did not, to my knowledge, elaborate on 
these ideas. Neither did he investigate the question, implicit 
in the first quote, of the possibility of expanding "any" func- 
tion in "Fourier" series. It was left to D. Hilbert [1904] and 
E. Schmidt [1907] to show that, in the real case, any function 
of the form 
f(x) = J K(x, x')g(x')dx', D 
where g is continuous on an interval D, has such an expansion. 
Many more deep theorems on operators of the kind (291, with 
1 = 1, were proved by Hilbert and later simplified by E. Schmidt 
(see [Dieudonng 1981, 106-1101). For that reason such operators 
with square-integrable kernels are today called Hilbert-Schmidt 
operators 171. 
The theorems proved half a century earlier by Liouville were 
not as far-reaching as those of Hilbert and Schmidt. Yet 
Liouville deserves credit for recognizing the importance of this 
type of integral equation and for applying spectral theoretical 
considerations to integral operators. He transformed the study 
of integral equations--which then consisted mainly of a series 
of attempts to find explicit solutions of specific equations--to 
the higher level of a general theory of an extensive class of 
integral equations. 
In the short note [1845b] Liouville did not mention any 
application of this theorem, a fact which shows that Liouville 
considered the general theory of integral equations a discipline 
in itself, independent of other branches of mathematics. Still 
the question remains: What inspired Liouville to investigate 
this new branch of mathematics? The inspiration seems to have 
been drawn from several sources. The setting for the new theory 
obviously had its roots in Liouville's early treatment of spe- 
cific integral equations, particularly those of the first kind. 
The questions, on the other hand, were drawn from his and Sturm's 
general treatment of the eiqenvalue theory of differential equa- 
tions, in which similar theorems were proved. These are the two 
general ideas without which Liouville would hardly have been led 
to his new discipline. 
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It is even possible to point to the concrete problem which 
was the incentive for Liouville's note. This problem is dis- 
cussed in "Sur divers questions d'Analyse et de Physique mathg- 
matique," presented in [1845a] to the Paris Academy of Science 
and published the following year in a more comprehensive version 
[Liouville 18461. In these papers Liouville solved diverse 
problems in the potential theory of ellipsoids with the aid of 
elliptical coordinates p, u, v and the Lam6 functions R(p), 
M(u) I N(v) (now called of the first kind) introduced by Lam4 in 
[1833, 18391. Liouville defined the function S(p), now called 
the Lam6 function of the second kind, and proved the following 
important relation among the four functions: Let Zo = 
(PI), vi), vo) be a point on the-y+;ipsoid aE_1,; (p, u, v) / p = PO), 
and let 1 (p, p, V) = (p' - p2) (p2-v2) . Then 
J 1(Pr Ur V)M(U)N(V) da = 4~R(P,)s(Po)M(~o)N(vo) I aE IX - x0/ 2n + 1 
where M, N, R, S are solutions to the Iam6 equation, 
(x2 - b2) (x2 df - c2);$;;7 + (2x 3 
df - (b2 + c')x)-& = (n(n + 1)x2 
(34) 
B)f, 
(35) 
for the same value of the parameters n c N and B [Liouville 
1846 (l), 2241. Liouville noted that (34) is of form (29) for 
m = 4rR(po)S(p0)/(2n + 1) and concluded, with reference to (30), 
that if MN and M'N' correspond to different values of m, then 
JaEl~~~'~'d~ = 0 and the values of m and hence of B (in 35)) 
are real [Liouville 1846 (l), 2301. 
The similarity between the general theorems in [1845b] and 
the conclusions drawn from the specific identity (34) suggests 
that the treatment of the potential theory of ellipsoids was 
the direct inspiration to the general theory. This conclusion 
is established with certainty by Liouville's Nachlass, where 
the orthogonality relation (30), with T(ji, j?') = (5 - :')-I, 
appears for the first time in [Liouville MS 3618 (5), 32~1 as 
one among many theorems on the potential theory of ellipsoids. 
The origin of the general theory, just described, explains 
why the integral equations in [1845b] are formulated in higher 
dimensions, rather than in R, as is the case in the remainder 
of Liouville's works on integral equations. 
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5. CONCLUDING REMARKS 
Liouville treated integral and integro-differential equations 
in papers other than those considered above (see, e.g., [Liouville 
1836a, 56; 1839, 2331); but the ones discussed, I believe, are 
the most representative and important. 
One cannot, with certainty, establish any link between 
Liouville's work on integral equations and the earlier and later 
investigations in the field. On the one hand Liouville's pub- 
lished papers on fractional calculus do not contain any reference 
to Abel. He referred only to some of the other early propagators 
of fractional calculus, such as Leibniz, Laplace, Fourier, and 
Lacroix, who did not make use of integral equations. In his 
unpublished notes, to be found in the Liouville Nachlass in 
1'Institut de France, Liouville mentioned Abel's solution of 
the isochrone problem for the first time in a note from February 
or March 1833 [Liouville MS 3615 (3)], i.e., one year after 
the publication of his own work. In this note Liouville referred 
to Abel's German paper [1826] (in Crelle'? Journal) in which the 
integral equation of the isochrone problem is not solved using 
the fractional calculus as it was in the French paper [Abel 
18231. Thus published and unpublished evidence supports the 
view of B&her [1909, 81, Volterra E1913, 381, and Kline 11972, 
10541, that Liouville's investigation of the isochrone was done 
independently of Abel's. Ross' [1975, 21 "guess" that Liouville's 
work on fractional calculus was inspired by Abel, however, lacks 
foundation in Liouville's writings. 
Similarly there is no evidence of any influence of Liouville 
on Volterra. In Volterra's early work [1896] there are refer- 
ences to Abel but not to Liouville, and the references in his 
lectures of 1910 [Volterra 19131 to [Liouville 1832a] may stem 
from B&her [1909]. Thus, Liouville appears to be an isolated 
figure in the development of integral equations. 
Why did Liouville's general ideas fail to evoke a response 
among his contemporaries? To a degree Liouville was responsible 
for this neglect, because he wrote just one short paper on the 
general theory of integral equations and only vaguely indicated 
its further implications. 
However, this short note was published in one of the two 
leading mathermatical journals. It must have been widely read 
and could have presented a sufficiently motivated reader with 
a fruitful research program. But motivation was limited, and 
this constitutes the essential reason for the lack of response 
to Liouville's ideas. By 1845 Liouville was the only mathema- 
tician who had recognized the usefulness of many concrete inte- 
gral equations in different parts of mathematics. Therefore 
he was the only one who was sufficiently motivated to create a 
general theory. When Volterra later turned to the general 
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theory he was motivated by the applications of specific integral 
equations, mainly in potential theory, developed during the 
second half of the 19th century. 
The aim of this paper has been to reevaluate Liouville's 
contribution to the history of integral equations in the light 
of the note mentioned in Section 4. In this new and more com- 
plete picture Liouville not only ranks with Abel among the 
pioneers in the solution of few specific integral equations, 
but he stands out as an investigator of a multitude of integral 
equations with wide applications. Moreover he consciously in- 
itiated a theory of a general class of integral equations, an- 
ticipating the general theories of V. Volterra, I. Fredholm, 
D. Hilbert, and E. Schmidt. 
NOTES 
1. In his statement of formula (3) Liouville [1834] explic- 
itly assumed that the exponents m in the exponential series (1) 
of F must all be negative or have negative real parts. In 
[1855] he gave the "complC?ment naturel" of (3), 
/ 
m  
F(x - ct)cP da = r(u) 1! F(x)dxP, 
0 / 
(3*) 
for functions with exponents having positive real parts. Formu- 
las (3) and (3*) are equivtlent to the modern definition of the 
fractional derivative cDx F(x) for c = m and c = -a, respec- 
tively. For a discussion of the modern definition the reader 
is referred to [Ross 19751. Ross asserts that the modern defin- 
ition for c = --m is equivalent to Liouville's definition, but 
as we have seen c = m must be used in formula (3). 
2. Here and in the following some anachronistic terms, not 
to be found in Liouville's work, are used; these are "eigen- 
value," "eigenfunction," and "Fourier series" (15) corresponding 
to any set of eigenfunctions. 
3. Liouville did not derive Eq. (18) by Lagrange's method 
of variation of constants as stated in [Dieudonng 1978, II, 
1411. 
4. Kline [1972, 10551 states that Liouville's equations 
were of the second kind and Monna [1973, 261 writes that they 
were of the first kind. As we have seen, Liouville treated 
both kinds of integral equations. 
5. Liouville did not explicitly state the equivalence of 
a differential equation and an integral equation. In one case 
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he only showed that the differential equation implied the inte- 
gral equation ((12), (13)*(18)) and in the other case he 
stated the inverse implication ((26)*(22), (23)). 
6. Liouville did not use vectorial notation, but considered 
variables x, y, . . . . z "contained between certain limits being 
the limits of the integral." The quote is Liouville's descrip- 
tion of D. Neither did he call the functions in (30) "ortho- 
gonal." 
7. One can interpret Liouville's operators (29) as Hilbert- 
Schmidt operators on L2(D) when D is equipped with the measure 
I(x)dx, where I(x) > 0 and dx is the Lebesgue measure. 
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